ABSTRACT. Motivated by the study of (m, n)-quasitilted algebras, which are the piecewise hereditary algebras obtained from quasitilted algebras of global dimension two by a sequence of (co)tiltings involving n − 1 tilting modules and m−1 cotilting modules, we introduce (m, n)-almost hereditary algebras. These are the algebras with global dimension m + n and such that any indecomposable module has projective dimension at most m, or else injective dimension at most n. We relate these two classes of algebras, among which (m, 1)-almost hereditary ones play a special role. For these, we prove that any indecomposable module lies in the right part of the module category, or else in an m-analog of the left part. This is based on the more general study of algebras the module categories of which admit a torsion-free subcategory such that any indecomposable module lies in that subcategory, or else has injective dimension at most n.
INTRODUCTION
Quasitilted algebras were defined in [7] as the opposite algebras of endomorphism algebras of tilting objects of Hom-finite, Krull-Schmidt hereditary abelian categories. These algebras feature several properties and characterisations which explain their relevance. First, by [7, Chapter II, Theorem 2.3], an Artin algebra over an Artin ring is quasitilted if and only if it has global dimension at most two and, for any indecomposable module X, (0.1) pd X 1 or else id X 1 . Next, for any quasititled algebra A, the following decomposition holds (see [7, Chapter II, Proposition 1.6]) (0. 2) ind A = L A ∪ R A , where L A and R A are the left and right parts of the module category of A, respectively. These subcategories are efficient tools to classify algebras and study their representation theory. In particular (see [7, Theorem 1.14 
]), (0.3)
A is quasitilted if and only if A ∈ add L A ; we refer the reader to [1] for a survey on these subcategories. Finally, by general theory of derived equivalences arising from tilting complexes, they are piecewise hereditary, that is, the bounded derived category of their module categories are triangle equivalent to those of hereditary abelian categories. Recall that, for any piecewise hereditary algebra, there is a sequence of algebras with first term a quasitilted algebra, with last term the given algebra and such that each algebra of the sequence is the opposite algebra of the endomorphism algebra of a splitting tilting or cotilting module over the preceding algebra (see [6] , or Section 2 for a reminder). In many examples, that given algebra often has homological properties like (0.1) depending on the number of tilting modules and the number of cotilting modules involved in the sequence.
Given positive integers m and n, we introduce (m, n)-quasitilted algebras, defined as the algebras for which there is a sequence as above such that the number of involved cotilting modules is m − 1, the number of involved tilting modules is n − 1 and the global dimensions of the algebras of the sequence increase strictly. The aim of this article is to show that these algebras have homological properties like (0.1) and to derive consequences relative to their representation theory in terms of specific subcategories, like (0.2).
For this purpose, we define the (m, n)-almost hereditary algebras as the algebras with global dimension m + n and such that, for any indecomposable module X, (0. 4) pd X m or else id X n .
Note that (0.4) alone implies that the global dimension is at most m + n + 1 (see Lemma 2.3).
Our results establish that any (m, n)-quasitilted algebra is (m, n)-almost hereditary (Corollary 2.5); although this is an equivalence when (m, n) = (1, 1), the converse implication does not hold in general. Moreover, it appears that any (m, n)-quasitilted algebra is (m + n − 1, 1)-or else (1, m + n − 1)-almost hereditary (Lemma 2.8). This shows the relevance of (m, 1)-and (1, m)-almost hereditary algebras among the ones considered previously. For these algebras, we prove in Theorem 3.6 that, if A is (m, 1)-almost hereditary, then
A denotes the class of indecomposable modules such that the predecessors in ind A of which have projective dimension at most m. This result is obtained as a consequence of a more general one: we prove in Proposition 3.4 that if C is a torsion-free class in the module category of A such that any indecomposable module lies in C or else has injective dimension at most n, then Throughout the text, k denotes an Artin commutative ring and A denotes an Artin k-algebra.
PRELIMINARIES
We denote by mod A the category of finitely generated left A-modules and by ind A a full subcategory consisting of exactly one representative from each isomorphism class of indecomposable A-modules. For a subcategory C of mod A we write M ∈ C to express that M is an object in C.
If T ∈ mod A, then add T denotes the full subcategory of mod A whose objects are the direct sums of direct summands of T . Given an A-module M , we denote by pd A M and id A M , respectively, its projective and injective dimensions. The global dimension of A is denoted by gl.dimA.
The space of morphisms from an object
is the smallest triangulated subcategory of D b (mod A) containing T and stable under taking direct summands, the module categories of mod A and mod B have equivalent bounded derived categories, where B is the endomorphism algebra of T in D b (mod A). In such a situation, mod B is identified with the following subcategory of
In particular, whenever X, Y ∈ mod A ∩ mod B and i ∈ Z, then Ext 
Following [5] , the left part L A of mod A is the full subcategory whose objects are those M ∈ ind A such that every predecessor of M in ind A has projective dimension at most one. Clearly L A is closed under predecessors. The right part R A is defined dually and has dual properties. Proof. We only prove (a) since the proof of (b) can be obtained dually. Suppose that E = E 1 ⊕ E 2 , where E 1 is indecomposable, and g 1 = 0. Consider the following commutative diagram 0 0
It follows that f 1 is a split epimorphism and, because X is indecomposable, f 1 is an isomorphism. Then the exact sequence 0 → X → E 1 ⊕ E 2 → Y → 0 splits, which is a contradiction.
1.3.
A short review of tilting theory. Recall that A T ∈ mod A is called a tilting module provided the following three conditions are satisfied: 
Given a tilting module
Due to the Brenner -Butler Theorem ( [9] ), mod A and mod B are related as follows: restriction of functor
According to Hoshino [12] , if A T is a tilting module, then A T is splitting if and only if id A X ≤ 1 for every X ∈ F (T ).
Dually, it is possible to define a cotilting module. We will use but not state explicitly the dual results and properties which hold true for cotilting modules. For further definitions and results on tilting theory, we refer the reader to [9] , [13] .
(m, n)-QUASITILTED ALGEBRAS
The purpose of the section is to relate (m, n)-quasitilted algebras to (m, n)-almost hereditary algebras. We say that A is (m, n)-quasitilted if there exists a sequence of triples
A 0 is a quasitilted algebra of global dimension two; A = A m+n−2 ; each T i is a stair splitting tilting or cotilting A i -module, that is a splitting tilting or cotilting module with the property that gl.dimA i < gl.dimA i+1 ; and n − 1 modules among the T i are tilting whereas the m − 1 remaining ones are cotilting. Any (m, n)-quasitilted algebra is piecewise hereditary. Actually, it is proved in [6] that any piecewise hereditary algebra A may be obtained from some quasitilted algebra by a sequence of tilting or cotilting processes, where each involved (co)tilting module is splitting. And, when k is a field and A is derived equivalent to a finite dimensional hereditary algebra, then A may be obtained from hereditary algebra by a sequence of tilting processes, where each involved tilting module is splitting (see [8] ).
By definition, the (1, 1)-quasitilted algebras are the quasitilted algebras of global dimension two; accordingly a (1, 1)-quasitilted algebra A satisfies (i) gl.dimA = 2 and (ii) pd A X ≤ 1 or else id A X ≤ 1, for each indecomposable A-module X ( [7] ). Below, we prove that any (m, n)-quasitilted algebra A has the two following homological properties.
(Q1) gl.dimA = m + n; (Q2) for each indecomposable A-module X, pd A X ≤ m or else id A X ≤ n. We call (m, n)-almost hereditary an algebra which satisfies (Q1) and (Q2), where m and n are positive integers. Note that condition (Q2) is not a consequence of condition (Q1) as shown in the following example.
Example 2.1. Let A be the path algebra of the quiver
bound by the relation βα = 0; the indecomposable A-module 2 1 has projective and injective dimension equal to two, while global dimension of A is two.
Note also that condition (Q1) cannot be obtained from condition (Q2) as shown in the following example. Example 2.2. Consider the radical square zero algebra A given by the quiver
where m, n ≥ 1. In this case, gl.dimA = m + n + 1, whereas each indecomposable A-module has projective dimension at most m or injective dimension at most n. Of course, A is a (a, b)-almost hereditary algebra for all positive integers a, b such that a + b = m + n + 1.
In fact, it is possible to verify that an algebra which satisfies condition (Q2) and with global dimension greater than m + n − 1 is a (m, n)-almost hereditary or a (m + 1, n)-almost hereditary algebra, as stated in the following lemma.
Lemma 2.3. Let m and n be positive integers and let A be an algebra such that pd
Proof. Let M ∈ ind A. Then, any indecomposable direct summand of Ω n+1 M has injective dimension at least n + 1, and hence has projective dimension at most m. Therefore,
A first step to relate (m, n)-quasitilted algebras to (m, n)-almost hereditary ones is to investigate how the former behave under tilting (or, dually, under cotilting). The relationship is then obtained as a corollary. Proof. We only prove the first statement because the second one follows from the first one and from the definition of stair tilting modules. For all subcategories A, B of mod A and i ∈ Z, denote by Ext i A (A, B) the collection {Ext i A (X, Y ); X ∈ A, Y ∈ B}. Also, for a full subcategory A of mod A, we denote sup {id A X; X ∈ A} by id A A. First, id B X (T ) 1. Indeed, using that id A F (T ) 1, we have
This proves the theorem. Now, here is the announced relationship between (m, n)-quasitilted algebras and (m, n)-almost hereditary ones.
Proof. Let A be a (m, n)-quasitilted algebra. By definition, there exists a sequence of triples
2
A consist, respectively, of those modules in horizontal and vertical lines patterned areas in the illustration below. We point out that L A ∪ R A ind A, since M has projective and injective dimensions equal to 2.
Note that the converse of the previous corollary is not true in general. Here is a counter-example. Later, the article concentrates on (m, 1)-and (1, m)-almost hereditary algebras. The reason is the following result which states that, although an algebra of finite global dimension may not be (m, n)-almost hereditary for any m, n, this property becomes true for the algebra obtained from it by a (co)tilting using a stair splitting (co)tilting module. 
Now, assume that B is (m, n)-quasitilted. Let (A, T, B) be the resulting last triple appearing in the definition of (m, n)-quasitilted algebras. Then gl.dimA = m+n−1, and hence B is (m+n−1, 1)-or (1, m+n−1)-quasitilted according to whether T is a tilting or cotilting module, respectively.
From now on we focus on (m, 1)-almost hereditary algebras. The (1, m)-almost hereditary algebras may be treated using dual considerations.
(m, 1)-ALMOST HEREDITARY ALGEBRAS
The purpose of this section is to prove (0.5) whenever A is (m, 1)-almost hereditary, (see Theorem 3.6). In order to prove this theorem, preparatory material is first established in 3.1 on algebras with nice small homological properties related to (Q1) and (Q2). And the theorem is proved with some consequences in 3.2.
3.1. On algebras with small homological dimensions. The proof of (0.5) when A is (m, 1)-almost hereditary is mainly based on the fact that L m A is a torsion-free class of A, which is true because gl.dim A = m + 1. Hence, this subsection is devoted to the investigation of (0.5) in the more general situation where
• the class of A-modules with projective dimension at most m is replaced by a torsion-free class C of mod A; • L m A is replaced by the class of indecomposable A-modules such that all the predecessors in ind A of which lie in C, this class is denoted by L C . For a given positive integer n, this investigation establishes (0.6) whenever every indecomposable A-module lies in C or else has injective dimension at most n (see Proposition 3.4). The first step of this investigation is to show that there are no nonzero morphisms from any indecomposable A-module not lying in C to any indecomposable A-module with a large injective dimension. This is done in the two following lemmas.
Lemma 3.1. Let C be a torsion-free class of mod A. Consider a nonzero morphism f : U → V , where U and V are indecomposable modules such that U ∈ C and V ∈ C, and such that ℓ(U ) + ℓ(V ) is minimal for these properties. Then Im f ∈ C, Ker f ∈ C and Ker f is indecomposable.
Proof. Since V ∈ C and C is stable under taking submodules, it follows that (3.1)
Im f ∈ C.
Using the exact sequence 0 → Ker f → U → Im f → 0, since U ∈ C, Im f ∈ C and C is stable under extensions, then
Ker f ∈ C and f is not a monomorphism.
Therefore, there exists an indecomposable direct summand K of Ker f such that K ∈ C. Consider the push-out diagram
Notice that U ′ ∈ C, because K ∈ C and C is closed under submodules. In this case, there exists an indecomposable direct summand U ′′ of U ′ such that U ′′ ∈ C. Consider the composite morphism
This morphism is nonzero for the following reasons. Should the exact sequence 0 → K → U ′ → Im f → 0 split, then the split epimorphism Ker f ։ K would factor through U , and hence there would exist a split epimorphism U → K, which would entail that Ker f = U = K, a contradiction to f being nonzero; therefore the exact sequence 0 → K → U ′ → Im f → 0 does not split; accordingly, the coordinate morphism U ′′ → Im f is nonzero, and hence nor is U ′′ → V . By construction, ℓ(U ′′ ) + ℓ(V ) ℓ(U ) + ℓ(V ). By minimality of ℓ(U ) + ℓ(V ) and because U ′′ ∈ C, it follows that ℓ(U ′′ ) = ℓ(U ). Accordingly, U ′′ = U ′ = U , and hence K = Ker f . Thus Ker f is indecomposable.
Lemma 3.2. Let n be a positive integer. Let C be a torsion-free class of mod A such that, for all X ∈ ind A, X ∈ C, or else id A X n. If U , V ∈ ind A such that U ∈ C and id A V > n, then Hom A (U, V ) = 0.
Proof. Let U , V ∈ ind A be such that U ∈ C and id A V > n. By absurd, suppose that there exists a nonzero morphism f : U → V . Assume that ℓ(U ) + ℓ(V ) is minimal for these properties.
According to Lemma 3.1, Im f ∈ C, Ker f ∈ C and Ker f is indecomposable. Consequently, id A Ker f n.
Next, considering the injective dimensions of the modules in the following exact sequences
yields that id A Im f n and id A Coker f > n. This permits to prove that Coker f is indecomposable. Indeed, the dual considerations of those following (3.2) in the proof of Lemma 3.1 may be applied here to the exact sequence
instead of to the exact sequence 0 → Ker f → U → Im f → 0 provided that C is replaced by {M ∈ mod A; id A M n}, which is stable under extensions. Accordingly, Coker f is indecomposable.
Finally, consider any exact sequence
where I 0 , . . . , I n−2 are injective modules and C is the (n − 1)-th cosyzygy of Coker f ; in the particular case n = 1, just take C = Coker f and discard the exact sequence. From the long exact sequence obtained upon applying Hom A (C, −) to the exact sequence
there results an exact sequence (recall that id A Ker f n)
Accordingly, there exist N, N 0 , . . . , N n−2 ∈ mod A fitting into a commutative diagram as follows, where the rows are exact and the leftmost square is cocartesian
in the particular case n = 1, take the lower row equal to the short exact sequence 0 → Im f → V → C = Coker f → 0 and take the sequence N 0 , . . . , N n−2 to be void. 0 → Ker f → N → V → 0 does not split since, otherwise, the composite morphism Ker f → U → N would be a section and hence the indecomposable U would equal Ker f , a contradiction to f being nonzero; similarly, the exact sequence
Now, consider the exact sequence
On one hand, since C is stable under taking submodules and U ∈ C, it follows that Im f ⊕ N ∈ C; and since Im f ∈ C, there exists an indecomposable direct summand N ′ of N such that N ′ ∈ C. On the other hand, because id A U n and id A V > n, it follows that id A Im f ⊕ N > n; and since id A Im f n, there exists an indecomposable direct summand N ′′ of N such that id A N ′′ > n. Because the exact sequences (3.3) and (3.4) do not split and Ker f and Coker f are indecomposable modules, the coordinate morphisms with indecomposable domain and codomain
are nonzero. Moreover, they feature the following properties,
• N ′ ∈ C and id A V > n; and • U ∈ C and id A N ′′ > n. By assumption on C, the indecomposable modules N 
In the former case, ℓ(N ′ ) + ℓ(V ) < ℓ(U ) + ℓ(V ); and, in the latter case, ℓ(U ) + ℓ(N ′′ ) < ℓ(U ) + ℓ(V ). Both cases contradict the minimality of ℓ(U ) + ℓ(V ).
The second step in proving (0.6) consists in gathering information on indecomposable A-modules which have successors in ind A with a large injective dimension. This is done in the following lemma.
Lemma 3.3. Let n be a positive integer. Let C be a torsion-free class in mod A such that, for all X ∈ ind A, X ∈ C, or else id A X n. Then By assumption, U ∈ C ′ , id A V > n and the following holds for all X ∈ ind A,
Apply Lemma 3.2 to U and V for the torsion-free class C ′ ; then Hom A (U, V ) = 0, a contradiction to U → V being nonzero. Thus, there exists Z ∈ ind A such that id A Z > n and Hom A (Y, Z) = 0.
(2) Using (1), an induction on ℓ shows that, for every Y ∈ ind A, if there exists a path of length ℓ in ind A starting in Y and ending in a module with injective dimension greater than n, then there exists Z ∈ ind A such that id A Z > n and Hom A (Y, Z) = 0.
(3) Let X ∈ ind A be such that id A X > n. Let Y be a predecessor of X in ind A. Following (2), there exists Z ∈ ind A such that id A Z > n and Hom A (Y, Z) = 0. Lemma 3.2 entails that Y ∈ C. Now, it is possible to prove (0.6). Recall that, for every torsion-free class C of mod A, the piece of notation L C denotes the class of X ∈ ind A such that every predecessor of X in ind A lies in C.
Proposition 3.4. Let n be a positive integer. Let C be a torsion-free class of mod A such that, for all X ∈ ind A, X ∈ C, or else id A X n.
The previous proposition does not apply to (m, n)-almost hereditary algebras for general m and n because, when gl.dimA = m + n, the class of A-modules with projective dimension at most m need not be torsion-free. However, Proposition 3.4 may be applied to certain algebras satisfying (Q2) as the following result shows. When n m, the conclusion follows from dual considerations, using the dual version of Proposition 3.4. Corollary 3.7. Let A be an algebra which satisfies conditions (i) and (ii) as described in Theorem 3.5 
To end this section, we discuss sufficient conditions for an algebra to be (m, 1)-almost hereditary. It is proved in [7] , then an algebra A is (1, 1)-almost hereditary if and only if all indecomposable projective modules belong to L A . When replacing L A and (1, 1) by L m A and (m, 1), respectively, part of the equivalence may be proved. In order to do so, it is again convenient to first replace the class of modules with projective dimension at most m by a torsion-free class.
Proof. Let X ∈ ind A be of injective dimension at least 2. Then Hom A (τ −1 X, A) = 0. Therefore, τ −1 X ∈ L C , and hence X ∈ C. Now, here is a sufficient condition for an algebra to be (m, 1)-almost hereditary. 
since gl.dim A m + 1, this is a torsion-free class of mod A. The rest of the statement of (1) therefore follows from Proposition 3.8.
(2) follows directly from (1).
We make the following conjecture. Example 3.11. Let A be the radical square zero path algebra given by the quiver m + n + 1 → · · · → 2 → 1.
Then A is (m, n)-almost hereditary and P m+n+1 ∈ L m A .
ONE-POINT EXTENSIONS OF (m, 1)-ALMOST HEREDITARY ALGEBRAS
From now on, we assume that k is a field and A is a finite dimensional k-algebra. The purpose of this section is to investigate how (m, 1)-almost hereditary algebras behave under one-point extension process. In particular, conditions for the one-point extension to be (m, 1)-almost hereditary are presented. First, here is a necessary condition for a one-point extension to be a (m, 1)-almost hereditary algebra. Proof. When m = 1, the proposition is proved in [7, Chapter III, Proposition 2.3]. Up to replacing the inequality "pd > 1" by "pd > m", the proof given there works here in the general case.
We point out that the hypothesis on gl.dimB above is necessary to conclude that B is (m, 1)-almost hereditary for some positive integer m as shown in the following example. For m = 1, it is well known that the converse of Proposition 4.1 does not hold true. This is also the case for each positive integer m = 1, as we can see in the following example. Proof. When m = 1, the proposition is proved in [7, Chapter III, Lemma 2.5]. The proof given there may be adapted to prove the general case by replacing the inequality "pd > 1" by "pd > m".
In order to present a sufficient condition for B = A[M ] to be a (m, 1)-almost hereditary algebra, the following technical lemma is needed. Proof. Let t be a natural integer. Notice that if (k t , X, f ) is an indecomposable A-module, then any indecomposable direct summand of X is a successor in ind B of an indecomposable direct summand of M 
